Rules for integrands of the form (g Sin[e + fx])P (a+bSec[e + fx])"

1: j(gSin[ewa])” (a+bsec[e+fx])"dx whenmez

Derivation: Algebraic normalization

Basis: If m € Z,then (a + b Sec[z])M == (braCos[z])T

Cos[z]"

Rule: If m € z, then

j(gsin[e+fx])p (b+acCos[e+fx])" x

j(gsin[eJ,-Fx])p(a+bSec[e+fX])mle—’ Cos[e+‘FX]m

Program code:

Int[(g_.#cos[e_.+f_.xx_])"p_.»(a_+b_.xcsc[e_.+f_.*x_])"m_.,x_Symbol] :=
Int [ (gxCos[e+fxx])~px (b+axSin[e+fxx])~m/Sin[e+Ffsx] m,x] /;
FreeQ[{a,b,e,f,g,p},x]| && IntegerQ[m]



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

2. Jsin[e+fx]p (a+bsec[e+fx])"dx when P;—lez

1: Sin[e+-Fx]p (a+bSec[e+-Fx])"'d1x when%lez Aat-b2:=-0

Derivation: Integration by substitution

=3 Pt
2

Basis: If %1 €7 A a%?-b? = 0, then sinfe + fx7P == fblTSubst[-(be)z—(M)—, x, Sec[e + fx]] o,Sec[e + fx]

xP+1

Rule: If 2% € Z A a® - b? == 9, then

p-1 p-1
- bx) 2 bx)™7=
JSin[erFx]p(a+b5ec[e+fx])'"d1x—» ! Subst[J( axbx)r (axbx) dx, x, Sec[e+-Fx]]

f bP-1 xP+1

Program code:

Int[cos[e_.+f_.*x_]~p_.*(a_+b_.xcsc[e_.+Ff_.+x_])~m_,x_Symbol] :=
—1/(-F*b" (p-1) ) *Subst[Int[ (-a+bxx) "~ ((p-1) /2) * (a+b#x) ~ (m+ (p-1) /2) /x* (p+1) ,X],X,Csc [e+fxx]] /;
FreeQ[{a,b,e,f,m},x]| && IntegerQ[(p-1)/2] && EqQ[a"2-b"2,0]



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

2: Jsin[e+fx]p (a+bSec[e+-Fx])"'dlx whenp;—lez A a’-b2#0

Derivation: Integration by substitution

p-1 p-1
2

Basis: If p;_l € Z,then sinfe+ fx]° = > Subst [ {202y sec[e + fx]] ocSec[e + fx]

f xP+1

Rule: pr£—1 €Z A a’-b? +0,then

p-1 p-1
- -5 - b m
J\Sin[e+fx]p(a+bSec[e+fx])mdlx—)%Subst[J\( tvx)F 1+ x): (a+bx) dx, X, Sec[e+-Fx]]

Xp+1

Program code:

Int[cos[e_.+f_.*x_]"p_.*(a_+b_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=
-1/f+Subst [Int [ (-1+x)~ ((P-1) /2) * (1+X) *((p-1) /2) * (a+bxx) m/x" (p+1) ,X] ,X,Csc[e+fxx]] /3
FreeQ[{a,b,e,f,m},x] & IntegerQ[(p-1)/2] && NeQ[a"2-b"2,0]



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

dx

(a+bsec[e+fx])"
3:
j Sin[e+ -Fx]z
Derivation: Integration by parts

H. 1 __ _ Cotle+fx
Basis: JSin[erF x]2 dx = f

Basis: - “tletXL 5, (a+bSec[e+fx])" = -bmSec[e+fx] (a+bSec[e+fx])"?

Rule:

dx —

j(a+bsec[e+fx])'" _Cot[e+-Fx] (a+bsecfe+fx])"
Sin[e+1=x]2 f

+bmJSec[e+-Fx] (a+b5ec[e+fx])'"'1dlx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])~m_/cos[e_.+f_.xx_]"2,x_Symbol] :=
Tan[e+fxx]« (a+bsCsc[e+fxx] ) m/f + bsmsInt[Csc[e+Ffxx]x (a+bxCsc[e+fsx])"(m-1),x] /;
FreeQ[{a,b,e,f,m},x]



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

4: J(gsin[e+fx])p (a+bsec[e+fx])"dx when a’-b?==0 v (2m|p) €z

Derivation: Piecewise constant extraction

Cos[e+fx]" (a+bSec[e+fx])" __ 0

Basis: Oy (b+a Cos[e fx])m

Rule:If a2 -b%2==0 vV (2m | p) € Z,then

Cos[e+fx]|" (a+bSec[e+fx])" J\(gSin[e+-Fx])p (b+aCos[e+-Fx])md]X

J(gsin[e+fx])p (a+bsec[e+fx])"dx —

(b+aCos[e+fx])'" Cos[e+fx]"I

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=
Sin[e+fxx]~FracPart[m] » (a+bxCsc[e+fxx])FracPart [m]/(b+a*Sin [e+fxx])~FracPart[m]
Int [ (gxCos[e+fxx]) px (b+axSin[e+fxx])~m/Sin[e+Ffxx] m,x] /;
FreeQ[{a,b,e,f,g,m,p},x] & (EqQ[a*2-b"2,0] || IntegersQ[2xm,p])

X: J(gSin[erFx])p (a+bsec[e+fx])"dx

Rule:

j(gSin[erFx])p (a+bsec[e+fx])"dx — J(gsin[e+fx])p (a+bsec[e+fx])"dx

Program code:

Int[(g_.»cos[e_.+f_.xx_])~p_.*(a_+b_.xcsc[e_.+f_.+x_])"m_.,x_Symbol] :=
Unintegrable[ (g+Cos [e+fxx])~p* (a+bxCsc[e+fxx])"m,x]| /;
FreeQ[{a,b,e,f,g,m,p},x]



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

Rules for integrands of the form (gCsc[e + fx])P (a+bSec[e + fx])"

X: j(ngc[ewa])p (a+bsec[e+fx])"dx whenp¢z Amez

Derivation: Algebraic normalization

Basis: If m € Z,then (a + b Sec[z])M == (braCos[z])T

Cos[z]"

Rule:lf p¢Z A me z,then

~J-(ngc[en“x])p (b+aCos[e+fx])"‘d]X

j(gCSC[eJ,fx])p(a+bSec[e+fX])mle—’ Cos[e+‘FX]m

Program code:

(» Int[(g_.»sec[e_.+f_.#x_])"p_x(a_+b_.*csc[e_.+f_.xx_]) m_.,x_Symbol] :=
Int [ (g+Sec[e+fxx])~px (b+axSin[e+fxx])~m/Sin[e+fsx] m,x] /;
FreeQ[{a,b,e,f,g,p},x] && Not[IntegerQ[p]] & IntegerQ[m] =)



Rules for integrands of the form (g sin(e+f x))"\p (a+b sec(e+f x))"m

1: J(ngc[e+fx])p (a+bsec[e+fx])"dx when p¢z

Derivation: Piecewise constant extraction
Basis: Oy ((gCsc[e+fx])PSin[e+fx]P) =0

Rule: If p ¢ Z, then

bs £x])"
J(ngc[e+fx])p (a+bsec[e+fx])"dx — gimrartipl (ngc[e+fx])Fracpart[p] Sin[e+fx]F"“Pa"t[p] J(a+ ecfe+fx]) dx
sin[e + fx]®

Program code:

Int[(g_.»sec[e_.+f_.»x_])~p_x(a_+b_.xcsc[e_.+f_.»x_])"m_.,x_Symbol] :=
g IntPart[p]« (g+Sec[e+fxx]) FracPart[p] +Cos [e+fxx] FracPart[p]+Int [ (a+bxCsc[e+f+x])~m/Cos[e+f+x]"p,x] /;
FreeQ[{a,b,e,f,g,m,p},x] & Not[IntegerQ[p]]



